The optimal dimensions N are determined so that each smooth manifold of dimension n admits a totally real immersion or an independent map to C N . Detailed results comparing these two optimal dimensions, as well as some related results, are presented for four-manifolds.
Introduction
We consider two classes of smooth maps M n → C N . All manifolds are assumed to be connected (unless otherwise mentioned) and to have countable topology. Definition 1. A map M n → C N is called a totally real immersion (embedding) if f is an immersion (embedding) and for f * : T M → T C N we have
Here we have identified C N with R 2N together with the natural anti-involution J. We are interested in the optimal value of N for all manifolds of dimension n. Sections 2 and 3 provide an exposition of [3] , which gives some details not presented here. Section 4 discusses a special case where our two types of maps are related in a perhaps unexpected way.
Existence
Theorem 2.1. Any map f : M n → C N may be approximated by a totally real embedding, provided N ≥ [ Remark. For N and n satisfying these inequalities, any map of M into C N may be approximated by an embedding [6] and in particular any totally real immersion may be approximated by a totally real embedding. The proofs of these theorems depend on a well-known result from differential topology. Let J 1 (M, W ) be the space of one-jets of maps from M to W . Denote the lift of any map
is stratified by locally closed submanifolds and dim M < codim Σ then there exists some
The proof is straightforward, see for instance [1] .
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To prove Theorem 2.1 we take Σ to be given in local coordinates over an open set U by
where
is a real N × n matrix and (A, JA) is the N × 2n matrix obtained by juxtaposition. To prove Theorem 2.2 we set r = [ 
where A is the complex r × n matrix
It is easy to verify that these are stratified subsets and that the given values of N lead to dim M < codim Σ.
Optimality
To explain our examples, we find necessary bundle-theoretic conditions for totally real immersions and for independent maps. Lemma 3.1. (a) If M has a totally real immersion into C N then there exists a bundle Q of rank r = N − n such that
(b) If M has an independent map into C N then there exists a bundle B of rank r = n − N such that
Here N ε is the trivial complex vector bundle over M of rank N .
Remark. An application of the Gromov h-principle shows that these conditions are also sufficient. See a discussion of this in [4] . We will make use of the sufficiency below.
Proof of Lemma 3.1.
(a) The condition (1) is equivalent to the fiber injectivity of
Thus if M has a totally real immersion into C N then
where Q is the bundle in
(b) The map
given by
is surjective on the fibers. So
with B = ker ψ f .
Totally real immersions
We need to find a manifold of dimension n that does not have a totally real immersion into C N for N = [ 
×k be the product of k copies of the complex projective plane. The manifolds we use and the ensuing arguments are similar to those given by Forster [2] , but we use orientable manifolds as far as possible.
Theorem 3.1.
• M 4k does not admit a totally real immersion into C N for N = 6k − 1.
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• M 4k+1 = M 4k × S 1 does not admit a totally real immersion into C N for N = 6k.
• M 4k+2 = M 4k × RP 2 does not admit a totally real immersion into C N for N = 6k + 2.
• M 4k+3 = M 4k × RP 2 × S 1 does not admit a totally real immersion into C N for N = 6k + 3.
Denote the total Chern class of a complex vector bundle B over M by
We have the following well-known result (see e.g. [5, Section 14]). 
We need to show that in the first two cases of Theorem 3.1 there is no bundle Q of rank 2k − 1 and in the last two cases no bundle Q of rank 2k such that (C ⊗ T M )⊕ Q is trivial. We shall show this for M 4k+1 and M 4k+3 . The other two cases, which are very similar to these, are done in [3] . So first we assume that there is some Q with
for some N and show that the rank of Q is at least 2k.
Let a 1 , . . . , a k be the pull-backs of a to M under the corresponding projections to CP 2 , so that a 3 i = 0 for all i. We have
Thus c(Q) = (1 + 3a 2 1 ) · · · (1 + 3a 2 k ). Since a 2 1 · · · a 2 k = 0, this implies that the rank of Q is at least 2k.
Next we assume that there exists some Q with
for some N and show that the rank of Q is at least 2k + 1. Let a 1 , . . . a k be as before and let b 1 be the pull-back of the generator in H 2 (RP 2 ; Z) given [June by the Chern class of the complexification of the tautological line bundle on RP 2 . We have
which now gives c(Q) = (1 + 3a
This implies that the rank of Q is at least 2k + 1.
Independent maps
The same manifolds M 4k+r (0 ≤ r ≤ 3) show that Theorem 2.2 is also optimal.
Theorem 3.2.
• M 4k does not admit an independent map into C N for N = 2k + 1.
• M 4k+1 = M 4k × S 1 does not admit an independent map into C N for N = 2k + 2.
• M 4k+2 = M 4k × RP 2 does not admit an independent map into C N for N = 2k + 2.
• M 4k+3 = M 4k × RP 2 × S 1 does not admit an independent map into C N for N = 2k + 3.
The proofs are similar to those of Theorem 3.1 and can be found in [3] . For instance, to show that M 4k+1 does not admit an independent map into C N for N = 2k + 2 we start with
for some N which gives us
So the rank of B is at least 2k and since N + rank B = 4k + 1, this leads to N ≤ 2k + 1.
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New Results for Four-Manifolds
The fact that the same set of examples demonstrates the optimality of both Theorems 2.1 and 2.2 suggests that for some class of manifolds the two conditions
are related. As a first step in exploring this, we present a result for fourdimensional manifolds. This result is false (in both directions) for non-orientable 4-manifolds:
Theorem 4.2. RP 4 admits an independent map into C 3 , but no totally real immersion into C 5 . Moreover, the connected sum of RP 4 and RP 2 × RP 2 admits a totally real immersion into C 5 , but no independent map into C 3 .
Proof of Theorem 4.1. The hypothesis on M implies that H 4 (M ; Z) is either zero or is torsion-free. We will also use that 2c 1 (C ⊗ T M ) = 0.
Let M have such a totally real immersion. So there exists a Q of rank 1 with
and we want to find a B (also of rank 1) such that
From
Thus 2c 
and so M admits an independent map into C 3 .
Now, conversely, we start with
for some B of rank 1 and prove that there exists some Q (also of rank 1) with
We see that c(C ⊗ T M ) = c(B). 
for some Q ′ of rank 2. It remains to show that Q ′ ∼ = Q ⊕ ε, which will follow from c 2 (Q ′ ) = 0; the latter equation holds since
.
2013] TOTALLY REAL MAPPINGS AND INDEPENDENT MAPPINGS 227
Remark. We further observe that when (2) and (3) hold, it follows that Q ∼ = B and that these line bundles have trivial square since their first Chern classes have order 2. Moreover, from the Corollary below we see that when M is orientable these line bundles are in fact trivial, so that M admits a totally real immersion into C 4 .
We use the following lemma in the proof of Theorem 4.2. Conversely, assume p 1 (M ) = 0. As before, we have (C ⊗ T M ) ⊕ Q ′ ∼ = 6ε with Q ′ of rank 2. We have p 1 (M ) = −c 2 (Q ′ ), so Q ′ ∼ = Q ⊕ ε and we then can conclude that (C ⊗ T M ) ⊕ Q is trivial.
On the other hand, the first Pontryagin class of M is equal, up to sign, to c 2 (C ⊗ T M ). Thus if
with B of rank 1, we have p 1 (M ) = 0.
Finally, suppose that p 1 (M ) = 0, i.e. c 2 (C ⊗ T M ) = 0. We can write C ⊗ T M ∼ = 2ε ⊕ B ′ , where rank B ′ = 2. So c 2 (B ′ ) = 0, which implies that B ′ ∼ = ε ⊕ B, yielding C ⊗ T M ∼ = 3ε ⊕ B, as required. 
